1 Limits

Calculate the following limits:

lim, 1 (z + 2)(x — 3)
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Exercise 1.1
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Exercise 1.2

. z4+2)% -8
lim,_,q %

w275a:+6
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limg oo VX +2— /2
limy oo — Va2 + 72 —1

Determine the limits of the function at the borders of the function domain. Then draw a graph of the function.

1. f(z)=2¢—3

2. f(z)=—-xz+2

3. f(x)=(x—-2)?-3
4. f(x)=—(x+3)%2+2
5. f(z)=a%+2

6. f(z)=—(x—1)3-2
7 flo)=3

10.
11.
12.
13.
14.

2 Definition of a derivative

(1) =25 +2 15. f(z)=(3)* -1
flz)=2%— 16. f(z) =Inz
fz)=— m_g 17. f(z) = —-Inz
flz)=¢® 18. f(z)=In(z—-2)+1
flz)=e*"3+2 19. f(z) =logyz + 1
fz)=2%"242 20. f(z)= log% T
f(z) = (%)1—1—2 21. f(x) =logy(x — 1) +2

Exercise 2.1

Find difference quotient, derivative (using the concept of limit) and value of derivative at x = 0, x = 1 and & = 3 for the

following functions:

1. flx)=22-5

2. f(z)=—-222+7

3. f(x) =322 -2z

4. f(z)=—a?+2—12
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flz) =22° -3z +4
flx)=2*—4x+3

f(z)=32% -2z +3
flx)=—22+3z+2

9. f(z) =42+ 5z +2
10. f(z)=a2%-17

11. f(z) = —2%+32°+32+6



3 Formulas for derivatives

| f(x) [ f(#) | Assumptions | ’ f(x) \ f(z) | Assumptions |
a 0 acR a-g(x) a-g(x) acR
" nz" 1 neR g(z) + h(z) g'(x) 4+ h'(x)
e e’ g(@)h(z) | g'(z ) (z) + g(x)h'(x)
a” Tlna a>0 g(x) g’ (2)h(z)—g(z)h' (x)
Inx 1 x>0 h(h(z))) W (g ELQS) ()
T xT x
log, = Fila a>0,a#1,z>0 g g
sinx cos T
cosr | —sinzx
Exercise 3.1
Find derivatives of the following functions:
1. flx)=3z+1 5. f(u) =3u"!+4 8. flz)=—at+e 11. f(z) = ca® - 80
2 @) =o' =2 6. f(u) = —dub — 10 9 = 9z} 12. f(z) = az® +
3. f(x) = 63 . flu) =—4u . f(x) =9zs3 x)=ax’+m
4. flz) =72°+30 7. f(u) =4ui —1 10. f(w) = 5w + 17 13. f(z) =az " +d
Exercise 3.2
Find f/(1) and f'(2):
1. f(z) =18z +1 3. f(z) = -5z 2 5. f(u) = 6at
2. f(z)=ca®—c 4. f(x) = %x% + 17 6. f(u)=—3ws

Find derivatives of the following functions:

Exercise 3.3

1. f(z) =122% 4+ 5275 4 52° + 42 — 3z + 0.67

2. f(z) =625 — 2275 + 22* + 425 4+ 81z + 1125

3. f(x) = g5 — w5 + VaT + Vad +50° + 20 — 12.3
4 f(2) = g — g + VaT + Vad + 627 + 13z — 1111
5. f(x) = 55 — i + Vat+ Vad + 305 92+ 8.7

6. f(z) =42’ — o=+ V¥ 4+ Va8 + 1222 — 4z — 5.5

T f(@) = g = aps + Vab+ VS 4+ 7T + 32 - 1.32

Exercise 3.4

Differentiate using the product rule and check the result by first simplifying the formula and then differentiating:

1. f(z)=z(x—2

2. f(z)=2*2—1x)

3. f(x) = (922 - 2)(3z + 1)

4. f(zx) =2z —1)(5z — 2)

5. f(z) = (3z + 10)(622 — Tz)
6. f(z) =(1+2°)(22° - 3)

7. f(z) = (23 + 3)(22% — 22)
8. f(z)= (22" + 3z)(2® — 5z?)
9. f(z) = 2z — 2*)(22> — 2?)

10.
11.
12.
13.
14.
15.
16.
17.
18.

2(435 +6)
azx — b)(cx
33 -

%)

22)(z —2)
—3z)(1+x)(z+2)
4)(z2-1)(3+x)




Exercise 3.5

Find the derivatives using quotient rule:

2
x°+3 34z 3z+10
1. % 4. 1—x 7 6x2—Tx

3

+9 922 -2 243
(aca3 ) 5. STl 8 e
6z 6. 2z-—1 9 2z% 3z
z+5 © hr—2 3 —bHx?2

4 3
10. ZE=t, 13. =

3 2 4
11, 3h= 14, 2Zip
12 5—z2

Z5

Exercise 3.6

Draw the following functions using first and second derivatives as your guide:

1. fla)=22-32+3 4.
2. f(z)=—2*+2x—4
3. f(z)=a®—-32x+9

5. f(x) = 2® — 322
6. f(z)=3x% —5z*

f(z) = —2%+22+8

7. flx) =2* — 1022+ 9
8. f(z) =2+ 222
9. f(z)=a®— 3a2?

Exercise 3.7

Use chainrule to find the derivative of:

y = u3, where u = 5 — 2

w = ay?, where y = bz’ + cz
2z =y?, where y = 22 + 5
z = (1/2)y? — 3, where y = 322

=W o=
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y = 2u* + 3, where u = 5 — 323

2

w = by + 4, where y = ax® — cx

z=y?% wherey =22 +5

z = y3, where y = 23

Exercise 3.8

d
Use the chain rule to find % for the following;:

1. y= (322 - 13)°
2. y= (7m3—5)9
3. y=(ax +b)°

4. y:(2x3+3x2—7x+9)70
5. y= (324 +227 — 20 +3)"
6. y:(5x4+m5+3x+4

)31

Exercise 3.9

Use product or quotient and the chain rule to calculate derivatives of the following:

1. (z—1)0 +2)12 g 2=

(2—1)10 (4x34-2x)
2. Gy 5. (ax + b)°(d — )0
3. (22 —3)"" (4a% + 22)"° 6. et

7. (728 —5)" (322 — 13)°
(322-13)°

8. (322-13)3

Exercise 3.10

d
For y = 6x + 36, find inverse function and find d—x
Y

Exercise 3.11

d d
Given y, find its inverse function. Then find both d—y and (Tx and verify the inverse function rule. Check that the graphs
€L Y

of the two functions bear a mirror-image relationship to each other.

1. y=Tz+21 2.

y=0.52+5



Find derivatives of:

1. y=4e"

2. y=>5~

3. y =2ttt
4, y=el™%

5. y=3*

6. y= 53z"2—c
7. y=2%2"

Find derivatives of:

y=1In (7965)
y = In (az®)
y =1In(z +19)

y:ln(7x3—|—2x—|—l)
y=>5In(t+1)?

L W=

Find derivatives of:

1. y=log, (3902 — 2z + 3)

2. y=logy(z+1)
3. y=log, (7$2 + 173:)

10.
11.
12.
13.

© »®» N o

Find derivatives of the following functions:

1. y= —(;H)
2e3®
In(2—x)
— z°—22°43
3. Y= “ ln(2zfa:) .

2. y=

Draw the following functions using first and second derivatives as your guide:

1. y=22 -3z +3
2. y=—a2+2x—4
3. y=2% -3z +9
4. y=—a®+2x+8
5. y=2%—-3x+9
6. y=a3— 322

7. y=32% — 5z

Find the differential dy for:

1. y=a%— 322

8.
9.
10.
11.
12.
13.

Exercise 3.12

y = 1320+3

y = o(t72)+1

y = 5e2—(t"2)

y = pa(2"2)+bate

y= 722" 3+20-89

y = 277" 4-81—125

Exercise 3.13

y=In {(312 — 13)3]
y =In(z) — In(1 + 2)
y=1In[z(l-2)8

y=n|2]
Exercise 3.14
y = logy (8332 + 3z — 12)

y = log, (—6m3 —xr+ 4)

Exercise 3.15

oy =(2z— 3)63"’”3

y= (27 +3) e

Y= xaekm—c

Exercise 3.16

y=2x*—102%2 +9

y = x5 + 222

y =3 — 322

y = bad — 223 — 322
y = 2x° + 1,523 — 522

_ z—1
Y= 1=

Exercise 3.17

y=e* —In (22 +2)

14.
15.
16.
17.
18.

19.
20.

10.

11.

12.

14.
15.

16.
17.
18.
19.

y = ze®

y = z2e2*

y = axeb®te

y = 320+
y="Ta(3)"
y= a3
y=e(H T
y = 5z*In (xQ)

y = 92%1n (23:3 + 7x? — 3z + 12)

y =3z*In (3362 + 2z + 66)

y =923 In (7373’5 — 522 —5x + 8)

y =1x2log3(x + 1)

—aekzb—c

y=dx
. 733207
y= In(3z—2x2)

y= ;cw—21

Y= ot
y=e 3"
y=In (ac2f 1)
y=uxe "
y=zlnx

y = 42° — 3xty + 423 — 322



4 One Variable Function Optimisation

Exercise 4.1

Let ¢ denote the level of production in your company. Moreover, let p, r and ¢ be functions of ¢ which yields the price of the
product, total revenue and total costs of the company, respectively. Find optimal level of production in the following cases:

1. 3. 5.
_ =908
{p(q) = ?2(2) —3q {p((q)) oot f50 p(q) = —300g + 9000
— C =
c(g) = 54" + 100g + 4000 V=" c(q) = 2002 + 1000q + 30000
2 4.
. 6.
r(q) = —34* +4000q plg) = =54+ 12
c(g) = 2000g + 1000000

c(q) = 34° + 3¢ p(q) = — 1254 + 500
c(q) = 1254° + 150q + 12500

Exercise 4.2

Find fix cost function, average cost function and marginal cost function, when total cost function is given by:
1. C=Q%—-4Q%?+10Q+ 75 3. C=Q%*-4Q +174
2. C=Q3-5Q2+12Q + 100 4. C =@ —3Q%*+15Q + 200

Exercise 4.3

Find the marginal and average functions for the following total functions and graph the results:

1. C=3Q%>+7Q+12 2. R=10Q — Q? 3. Q=alL+bL?—c3(a,b,c>0)

Exercise 4.4

Given the production function @ = 96K%3L%7, find the MPP g and M PPy, functions. Is M M Py a function of K alone,
or both K and L ? What about M Py, ?

5 Optimisation of Multivariate Functions

Exercise 5.1

Find % and % (sometimes denoted as f, and f,, respectively) from the following:

1. f(z,y) = 223 — 1122y + 3y> 5. f(z,y) = 2% + 5xy — ¢°
2. f(z,y) = 723 + 62y — 9> 6. f(z,y) = (2° —3y) (z - 2)
3. flz,y) = (22 +3) (y—2) T fla,y) = 2N
4. flz,y) = 23 8. flz,y) =221
Exercise 5.2
Find local minimums and maximums of the following functions:
a) fla,y) =2 +ay+2y°+3 b) fla,y) = —2® +y* + 62+ 2y
c fla,y) =z + 2ey — e* — e d) flz,y) =e*® — 2z +2y> +3
) fla,y,2) =29 — (a° + 9> + 2°)

)
e) f(z,y,2) = 2% +3y? —3zy +4yz + 622 f
) flr,y,2) =xz+ 2% —y+yz+y*+322 h) f(l‘,y,Z)2621+€_y+622—(21‘+26z—y)



Exercise 5.3

Let x and y denote the levels of production for two goods X and Y. Moreover, let m denote the function which yields
profit based on production levels. Find an optimal level of production in the following cases:
a) 7(z,y)=—-222—-y>+6x+12y b) 7(z,y) = 64z — 222 + 4wy — 4y* + 32y — 14

c) m(x,y) = % d) 7(x,y) =8x+ 10y — Tloo(xZ + 2y? + y?) — 10000

Exercise 5.4

Let x and y denote the levels of production for two goods X and Y that your company is selling. Moreover, let p, = 12
and p, = 18 be the prices of the products X and Y respectively. Finally, let c(z,y) = 222 + zy + 2y% + 24 denote the function
which yields total costs based on production levels. Find an optimal level of production.

Exercise 5.5

Let x and y denote the levels of production for two goods X and Y that your company is selling. Moreover, let
Pz = py = 150 be the prices of the products X and Y respectively. Finally, let c,(z) = ﬁ:ﬁ + 4x + 456000 and
cy(y) = ﬁgf + 4y 4 274000 denote functions which yield total costs based on production levels for products X and Y,
respectively. Find an optimal level of production.

Exercise 5.6

Let  and y denote the levels of production for two goods X and Y that your company is selling. Moreover, let
r(z,y) = — 15527 — ﬁgf — ﬁa:y + 20z + 17y and ¢(x,y) = 6x 4+ 3y + 1000 denote functions of production levels which
yield total revenue and total costs, respectively. Find an optimal level of production.

Exercise 5.7

Find extremums of function f with respect to given restrictions:

a)

f(z,y) =zy + 22 b) fz,y) =zy
dx + 2y = 60 dx + 2y =40

Exercise 5.8

A company CoalMeMaybe (CMM) has access to two power plants A and B. If we denote by x and y tons of coal used
in power plant A and B, respectively, then the cost functions can be expressed as ca(z) = 2(x — 1) and cp(y) = (y — 3)? in
A and B respectively. From one ton of coal it is possible to produce 5SMWh at A and 2MWh at B. CMM is supposed to
product 100 MWh. What division of resources between two power plants will be optimal?

Exercise 5.9

Denote by a, b and t the cost of the hour labour, the cost of unit capital and the total budget for the project, respectively.
Moreover, denore by ¢ the function which yiedls level of production based on level of labor [ and capital k. Find level of
labor and capital which maximizes level of production when:

) a=3b=51=1200 b) a=06,b=231t=069
q(l, k) = 61 + 10k + Ik q(l, k) = 51 + 2k + ki

) a=2b=1t=99 ) a=2b=3t=1200
q(l,k) = 2v1+ 3VEk q(l, k) = 501k
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