1 Operations on Matrices

1.1 Addition and Subtraction

Exercise 1.1

. 7 —1 0 4 8 3
Given: A—[G 9 },B—{g —2}’0_[6 1],ﬁnd.
1. A+B 3. A—-C+8B 5 2.5C
2. C—A 4. 3 A 6. 2A—-3B
Exercise 1.2
2 1 3 3 12 1 1 8 12
Given: A=|5 0 9|,B=|2 4 1|,0=|1 9 20
17 4 5 1 0 O 1 7 6
1. A+B C+A 7. 2B-C
2. A—B 5 C—A 8. D+C
3. B—A 6. 4C—-3D 9. 2C—-3A+4D

Exercise 1.3

)

4B+2C

8. A+2B-3C

D =

10.
11.

Verify that (A+B)+C=A+(B+C)and (A+B)-C=A+ (B-C) for:

-1 7

yB:{s 4

1.2 Multiplication

3 6

.-

1] :

Exercise 1.4

2 0
3 8

7T 2

2 8
Given: A=1]3 0 6 3

= J:e-]

1. Is AB defined? Calculate AB. Can you calculate BA? Why?

,B:[ ],ﬁnd:

-1
-7

D-2A
2C+D—-4A

9. 2C-3A+2B

, find:

2. Is BC defined? Calculate BC. Is CB defined? If, so calculate CB. Is it true that BC = CB.

Exercise 1.5

Test the associative law of multiplication with the following matrices:

2.

3 -8 0 7
517 3 2

~N O
— w o

|

Exercise 1.6

12. A+B-C-D
13. D-A+C-B

| IS
—
O = N
O N
|

Find the product matrices in the following (in each case, append beneath every matrix a dimension indicator):



5 22 4
-5 9 -1
3 8 =7
7 1 0 4
6 1 0 4

'3121][
2 4 1 2
1 210
3 4 0 2

15.
19.

-7
4
-1
-7

5 22
-5

3 8

5 22
—5

3 8

9 20
6

17 4 5
1 8 12
7
3 12 1

-7 2
1
1

10.
11.
12.
13.
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Dy 7. y'1

Indicate dimension of identity matrix and calculate:
5. x'1

|

Exercise 1.9
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1.4 Identity Matrix



2 Solving System of Linear Equations

2.1 Determinant

Exercise 2.1

Use simplified formula and Laplace expansion to find values of determinants of following matrices:

Loa_[5 2 2 1 3 40 2
o | 0 1 7. A=14 5 6 12. A= 6 0 -3
7 8 9 8 2 3
-1 0 - - -
2. A= 9 2} -7 0 3 1 1 2
8. A= 9 1 4 13. A=| 8 11 3
4 A 3 7 ! 0 6 5: :0 4 3
13 -1 -2 1 3 a b c
] 9. A=| -6 3 9 4. A=|b ¢ a
4 A— 481 g} L 7 8 9 ] L c a b
8§ -1 3 z 5 0
P 10 A=|4 0 1 15, A=|3 y 2
5. A= 9 1} :60 3 ] |9 -1 8
i 1 2 3
2 4 11. A=(4 7 5
6'A_9—1} 13 6 9
Exercise 2.2
Evaluate determinants of the following matrices:
1 2 0 9 1 3 0 3] 7 0 1 0
1 2 3 4 6 3 2 1 2 7 5 6 -9 8 0
' 1 6 0 -1 ’ 5 1 10 ’ 3 8 20
|0 =5 0 8 10 0 3 0| 6 3 8 1
[2 7 01 [8 0 0 5]
9 5 6 4 8 4 3 001
10 0 9 0 ’ 7T 197
|1 -3 1 4 |5 0 1 8]
Exercise 2.3
4 0 -1
Use the determinant | 2 1 —7 | to verify following properties of determinants:
33 9
LJAl= A

2. Change of two rows/columns will alter the sign of determinant numerical value

3. The multiplication of one row/column by scalar k will change the value of determinant k-fold.

Exercise 2.4

Which properties of determinants enable us to write the following?

9 18| |9 18 9 o1 13
1"2756“’0 2’ 2“4 2’_18‘21’



2.2 Inverse Matrix

Exercise 2.5

Find the inverse of each of the following matrices:

L[5 2 (4 —2 1]
“lo o1 4. |7 3 0 6
2'_1 0:| _2 0 1_
L9 2 1 -1 2]
. [3 07 5. 11 0 3 7
13 -1 4 0 2

2.3 Solving System of Linear Equations
Exercise 2.6
Solve the system Ax = d by matrix inversion:

) 4x + 3y = 28 4dry + w2 + —dx3 =
C |2z 5y =42 2. —2x; + 3z + 23 =12
3}(1 7X2+4X3 =5

Exercise 2.7

Use Cramer’s rule and matrix inversion to solve the following equation systems:

3r1 —2x9 =6 —x1 + 310 + 223 = 24
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5$2—$3:8
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r+2y==6
3r+z=4

r—y+z=>b
rt+y—z=c

8%1 — To = 16
201 +3x3 =7

r+y+2z2=0
20 —y—2=-3
4 — by — 3z = —7

£ZJ1+ZL'3:6 10

dr+3y—2z2=1 11.

13.

|
|

1 0 0
00 1
01 0
1 0 0]
01 0
00 1|

r—y+2z=-3
—z+y+z2=0
20 —y+ 2z =-3

2r4+y+2=0
dr—3y+z=1
6x + 2z = -2

z4+y+z+u=0
—r4+2y—22+3u=0
20 +3y+3z2+u=0
3y—z+4u=1

T+y+z+t=-2
—z+y—2z—t=0
r—y—z—t=1

20 —y—z—3t=-1



3 Linear Spaces

3.1 Graphical Interpretation of Vectors

Exercise 3.1

Givenu' =[5 1]andv =[ 0 3 ], find the following graphically:

1. 2v 2. u+v 3. u—v 4. v—u 5. 2u+3v 6. 4u—2v
Exercise 3.2
Verify whether the following vectors are linearly independent:
1. a=[1,0] and b =[0,1] 4. a=13,4] and b = [, 0]
2. a=[3,4] and b = [-3, —4] 5. a=[1,0,0], b=[0,2,0] and ¢ = [0,0, §]
3. a=[3,4] and b = [4, 3] 6. a=[1,2,1], b=0,2,0] and c = [-1,2,4]
3.2 Dot Product
Exercise 3.3
Givenu’z[?) 4]andv’:[9 7}ﬁnd:
1. u'v 2. uv 3. vu 4. vu’
Exercise 3.4
Givenu’:[S 1 3],VI:[3 1 -1 ],w’z[? 5 8],andx’:[ﬂc1 o :Ug]ﬁnd:
1. uv’ 2. uw’ 3. xx' 4. v'u 5. u'v 6. w'x 7. v'u 8. x'x
Exercise 3.5
Find the cosine of the angle between vectors a and b:
1. a=[1,0] and b = [0, 1] 3. a=[3,4] and b = [4, 3] 5. a=[1,2,3] and b = [-1,2,4]
2. a=[3,4 and b = [-3, —4] 4. a=[3,4 and b = [1,0] 6. a=[1,2,1 and b= [~1,2,4]

3.3 Quadratic Forms

Exercise 3.6

Express each of the following quadratic forms as a matrix product involving symmetric coefficient matrix:
1. q =422 — dx129 + 922

q =2+ Tr129 + 323

q = 8x179 — 23 + 513

q = 6z122 + 523 — 222

DAl

q= 3m% — 2x129 + 42123 + 595% + 4m§ — 22973



3.4 Eigenvalues and Eigenvectors

Find eigenvalues of the following matrices:

a) A= {‘22

5 3
) A_[?) 0

4 2
2) A:[z 1]
1 2
Q) A[O 4]
-5 0
&) A‘[? 4
1 4
i) A=10 2
0 -2
1 -2
m) A= |-4 -11
4 13

Determine whether the matrices from Exercise 3.6 are definite or indefinite. If they are definite, determine whether they

DN

| o |

Determine the eigenvalues, eigenvectors and trace of the matrices below. In each case, check whether the sum of all
eigenvalues is equal to the trace.

4 2
3

]

10
A_[O 2} ¢) A [15
2 3
=l 0 [l
-5 2 .
A_[O 6] i A_[
2 2 —2] -1
A=1]1 3 -1 ) A=1|0
-1 1 1] 4
2 6 6 3
A=1]0 3 0 o) A= |-1
0 -3 —1] 1

Exercise 3.7

Exercise 3.8

Exercise 3.9

are positive, semi-positive, negative or semi-negative definite.
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